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*XY_calculus
Introduction



Introduction

» Computationl interpretation of classical proofs

» Sequent calculus with explicit structural rules
(Weakening and Contraction)

» 1) Terms in *X'-calculus are in fact annotations for proofs,
2) Computation in *X-calculus corresponds to cut-elimination.

» X-calculus is a precursor of *¥
Corresponding to the sequent system
where structural rules are hidden.



Names

Terms are built from names.

Two categories of names : X, Y, Z...
a? ﬂ’ ’)/__.

Bound names wear “hats” : X,V,Z...

Examples :

(x.a) X (x.3) B-a x<§[M}

in-names
out-names

a, f3,7...

—
=

[E——

2)w@)

P& + XQ

>



Name # Variable

» In A-calculus : variables
» (\y.xyz)M 2, xMz
> An arbitrary term M substitutes the variable y

» In *Y-calculus : names

» A name can never be substituted for a term
» A name can only be renamed



*X-calculus

Logical setting



G1 sequent system for classical logic

(axiom)
AFA

r-AA M BEA AL B A
(— left) —— (— right)
rr'A—Br AN rN-A—B,A

MEAA M AE A

- - (cut)
L EAA

r=A r=A
—— (left weakening) —— (right weakening)
FAFA F-AA

rAAEA r=AAA
—— (left contraction) —— (right contraction)
MAEA N-=AA



*X-calculus

Curry-Howard correspondence



Curry-Howard-de Bruijn Correspondence

» Reveals a strong conection between logic and computation

» Originaly the notion is used to relate Intuitionistic Logic in
ND, with simply typed A-calculus

» “Curry-Howard paradigm”.

» This work : Classical Logic in SC (G1), with typed *X-calculus

Proofs <« Terms
Propositions < Types
Cut—eliminations < Reductions

» We are speaking about computational interpretation of
classical proofs.



Terms correspond to proofs :

(xa) x:AFa: A (cap)



Terms correspond to proofs :

(xa) x:AFa: A (cap)

M:Tra:AA N:-T' x:BFA M:T,x:AkFa:B,A ‘
0 = (imp) —— (e
Ma [y] xN = T,y :A— BFA A XMa-g+-THF:A—B,A




Terms correspond to proofs :

(cap)
(xa)» x:AFa: A
M:Tra:AA N:-T' x:BFA M:T,x:AkFa:B,A ‘
R — (imp) —— (exp
Ma [y] xN = T,y :A— BFA A XMa-g+-THF:A—B,A
P:Tra:AA QT x:AFA

(cut)
Pa 1 xQ: I T'EAA



Terms correspond to proofs :

(xa) x:AFa: A (cap)

M:Tra:AA N:-T' x:BFA M:T,x:AkFa:B,A ‘
0 = (imp) —— (e
Ma [y] xN = T,y :A— BFA A XMa-g+-THF:A—B,A

P:Tra:AA QT x:AFA
Pa 1 xQ: IILT'FA,A

(cut)

M:TEFA M:TEFA
(left eraser) (right eraser)
xXOM: TIx:AFA Moa:rTFa:AA




Terms correspond to proofs :

(cap)
(xa) x:AFa: A
M:Tra:AA N:-T' x:BFA M:T,x:AkFa:B,A ‘
PP / — (imp) ——— (exp]
Ma [y] xN = T,y :A— BFA A XMa-g+-THF:A—B,A
P:Tra:AA QT x:AFA
(cut)
Pa 1 xQ: IILT'FA,A
M:TEFA M:TEFA
(left eraser) (right eraser)
xXOM: TIx:AFA Moa:rTFa:AA
M: T,x:Ay:AFA M:Tra:A B AA

(left dupl.) (right dupl.)

z<§[/vl] ST,z AFA [M]gw;. M~ AA



*X-calculus

The syntax



*X-calculus
The syntax

M,N == (x.«) capsule
| XMpB-« exporter
|  Ma [y] XN  importer

| Ma t XN cut

|
|
|

xOM left-eraser
Mo a right-eraser
z< ;( [I\/I] left-duplicator
| [I\/I} % >y right-duplicator

» The notion of a principal name of a term.
1. L—principal name
2. S—principal name



Linearity

> In *X we consider only the linear terms :

© every free name occurs only once
© every binder does bind an occurence of a free name
(and therefore only one)
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Linearity

> In *X we consider only the linear terms :

© every free name occurs only once
© every binder does bind an occurence of a free name
(and therefore only one)

» Examples of non-linear terms :
X (y.0) B-a and (x.a) © «

» Every non-linear term can be translated into linear one :

R (xo(y.8)) B-a



Linearity

> In *X we consider only the linear terms :

© every free name occurs only once
© every binder does bind an occurence of a free name
(and therefore only one)

» Examples of non-linear terms :
X (y.0) B-a and (x.a) © «

» Every non-linear term can be translated into linear one :

% (xoly.f)F-a  and [<x.a1> @az]g:;m



Formal definition :

(x.at) linear

M linear, x € fi,(M), B € fon(M), o & fon(M)

XM E a linear

M, N linear, o € fon(M), x € fin(N), y & £in(M, N), fo(M) N f(N) =0

Ma [y] X N linear

M, N linear, o € fon(M), x € fin(N), (M) N fH(N)=0

Ma t XN linear
M linear, x & fi,(M) M linear, o & fon(M)
x ® M linear M ©® « linear

M linear, x,y € fin(M), z & fiy(M) M linear, o, B € fon(M), v & fon(M)

z< %[M} linear {M] % >~ linear

» Linearity of terms enables us to draw them



*X-calculus

Reduction rules



Reduction rules are grouped into :

v

Logical rules (L-principal names involved)

Activation rules

v

Deactivation rules

v

v

Structural rules (S-principal names involved)

v

Propagation rules



*X-calculus

Reduction rules

LOGICAL RULES :

(cap — cap)
(exp — cap)
(cap — imp)
(exp — imp)

(y.a)@ t R(x.8)
(GPB-a)a t x(x7)

(y.a)a + X(PB [x] 2Q)

(FPB-a)a t X(Q7 [x] zR)

either (Q:? TA?P)AE T,\/Z\R
QY t ¥(PB 1 ZR)



cap-cap and exp-cap (merging)




*X-calculus

Reduction rules

» Cuts can be left-activated or right-activated

ACTIVATION RULES :

(act — L) : Pa t XQ — Pa / xQ, withP#?l\ﬁB-a and P # (y.a)
(act — R) : Pa t XQ — Pa X XQ, with Q # MB [x] yN and Q # (x.3)

» Extending the syntax with two new elements

M,N =
| Ma /XN left—cut
| Ma X\ XN right—cut




DEACTIVATION RULES
Left :

(cap/ — deactivation)

(exp/* — deactivation)
Right :

(X cap — deactivation)

(Nimp — deactivation)

(x.B)B 7 JR

(x

Q)

Q)

P3-B)B 7 IR

X R(x.B)
X R(QB [x] FR)

—

(x.8)B t ¥R

®P%-B)B t ¥R

P& t %(x.B)
P& 1 %(QB [x] 7R)



*X-calculus

Reduction rules

STRUCTURAL RULES

Left :
(# erasure) (PO ,5‘)/5 7 y0Q - 10 P ooOY
B s T _ of
(# duplication) ([P}Ei >B8)8 #yQ — 1% ;25 [(Pﬁl #71Q1)B2 }7202] 5? el
Where :
I9 = £(Q) \y, OF =1£n(Q) and
Qi = ind(Q, £2(Q), i) fori=1,2
Right :
(X erasure) © PAXR(XxOQ) — "o @ eo”
_ zP oP
(X duplication)  : Pa X X(x< % [Q]) — IP< ;l; {Pzaa X s (Prag X XAlQ)] 6% >oP
Where :
1P = £,(P), OF = foa(P) \a and

P; = ind(P, fo(P), i) fori=1,2



Jf-erasure




/¢-duplication




*X-calculus

Reduction rules

PROPAGATION RULES

Left :
(exp”* — prop)
(imp/7* — propy)

(imp/7* — propy)

(cut(caps)” — prop) :

(cut”* — propy)

(cut” — propy)

(L—eras 7 — prop)
(R—-eras 7 — prop)
(L~dupl 7 — prop)

(R—dupl 7 — prop)

C(®RPF-a)B # IR

. (Pa [x]2Q)B # ¥R

. (Pa [x]2Q)B # ¥R
(P& t %(x.8))B * IR
. (P& 1 XQ)B 7 yR

. (P& 1 XQ)B 7 yR

D (xOM)B F IR

: (M®a)B 7 IR

: (x<g[M}),§ IR

; ([M]% sa)B # JR

X (PB * JR)7 - o
(PB # R)G [x] 2Q, B € fon(P)

Pa [x] 2(QB 7 YR), B € fon(Q)

P& 1t yR
(PB 7 FR)& 1 %Q, B € fon(P), q # (x.5)

P& t X(QB 7 JR), B E fon(Q), q # (x.8)

x® (MB 7 R)

(MB #*JR)®a, a#p
x<g[M5 # yR]
[Ma"?R]%>a, a#3



*X-calculus

Reduction rules

PROPAGATION RULES

Right :

(N exp — prop)
(\imp — propy)

(Nimp — propy)

(XN cut(caps) — prop)
(N cut — propy)

(N cut — propy)

(X L-eras — prop)

(X R-eras — prop)

(X L-dupl — prop)

(XN R-dupl — prop)

PAXRFT QB v)

Pa X X(QB [y] Z2R)
Pa X X(QB [y] ZR)
P& X X((x.8)B 1 ¥R)
P& X X(QB t JR)
P& X X(QB t VR)
Pa X %y ® Q)

P& X\ X(Q ® B)

Pa x ;(y<g[0])

P& x ;([Q]gg >B)

!

!

!

7(Pa X %Q) B~

(P& X XQ)B Y] 2R,  x € fis(Q)

QB Iy] 2(P& X XR),  x € fin(R)

Pa t yR

(P& X XQ)B t ¥R,  x € fin(Q), Q # (x.B)
QB t (P& N XR),  x € fin(R), Q # (x.8)
y © (Pa X XQ), x#y

(Pa X XQ)® B

y<%[Pa\;Q}, x#y

[Pa X ;Q}% >B






axXxQ




axXxQ




aXxQ







> *X is basically the calculus of explicit substitutions



Properties

Reduction relation in ¥ :

1. Preserves linearity of terms
L X L
If P is linear and P 2= Q@ then Q is linear

2. Preserves the set of free names
If P X% Q then £,(P) = £,(Q)

- Lafont’s interface preservation

3. Subject reduction
IFS+TFAad S5 S thenS' T FA

4. Strong normalisation ?



The diagrammatic calculus



Diagrammatic calculus
The syntax




Diagrammatic calculus

Reduction rules

Logical
Activation

Structural

vV v.v Yy

Deactivation

v

no propagation rules



Logical actions (merging)




Logical actions (inserting)




Activation rules

46_)7

act—y th—R
4®7 4®7




Structural rules

/-Erasure

1




Structural rules

X -Erasure

1”{7

} o



Structural rules

/*-Duplication




Structural rules

X -Duplication




Deactivations

4@7 4®7
L—deac& / R—deact
46_)7

» |In total 14 reduction rules



Back to one-dimensional syntax : *Xp-calculus



*Xp-calculus

The idea

» Modify ¥ to get a correspondence with Diagrammatic
calculus

» The new variant is called *Xp
» It introduces congruence relation (=) on terms

» Reducing is - reducing modulo the congruence relation



*Xp-calculus
The syntax

M,N == (x.«) capsule
| XM B o exporter
|  Ma[y] xN  importer
| Ma 7 XN cut
| xoM left-eraser
|
|

Mo« right-eraser
z< ; [M] left-duplicator

% >y right-duplicator




*Xp-calculus

Reduction rules

LOGICAL RULES :

(cap — cap) : (y.a)a t x(x.8) — (y-8)
(exp—cap) : (GPB-a)a t R(xy) -~ PR~
(cap — imp)  : (y.a)a@ t R(PB [x] 2Q) —  PBy]z@

(exp—imp) : (FPB-a)atXNQVIXIZR) — QF t 9(PB 1 3R)



*Xp-calculus

Reduction rules

ACTIVATION RULES :

(act — L) : P& t XQ — Pa / XQ, if a not L-principal for P
nor for any M € subt{P}
(act — R) : Pa t XQ — Pa X\ XQ, if x not L-principal for Q

nor for any N € subt{Q}

DEACTIVATION RULES

Left :
(cap” — deactivation) : (x.8)8 * JR —  (x.8)B t ¥R
(exp” — deactivation) : (XPX-B)8 YR — (xP7-B)B t ¥R
Right :
(XNcap — deactivation) : P& X\ X(x.3) —  Pa 1 X(x.B)

(Ximp — deactivation) : Pa X\ X(QB [x]yR) — Pa t X(QB [x]¥R)



PROPAGATION RULES

Left :

(exp” — prop) C(®RPF-a)B 7 IR — R(PB A IR)F-a

(imp 7 — propy) c(Pa[X]2Q)B #JR  — (PB 7 JR)E&[X2Q, B € fon(P)
(imp/ — propy) C(Pa[X]2Q)B X JR  — Pa[x]Z(QB 7 JR), B € fon(Q)

(cut(caps)” — prop) : (P& 1 %(x.8))8 7 YR — Pa { yR

(cut 7 — propy) c (P&t XQB A IR — (PB 7 IR)E t XQ, B E fon(P), q # (x.8)
(cut” — propy) c (P&t XQB A YR — P& t QB S JR), B E fn(Q), q# (x.8)
(L—eras 7 — prop) C(xO M)B YR — x0© (MB\ #YR)

(R—eras 7 — prop) (Mo a)@ 7 9yR — (M§ 7 JR) O a, a#B

(L—dupl 7 — prop) : (x<%{M})§ 7 YR — x<j%[M§ a ?R]

(R-dupl 7 — prop)  : ([M]z:; >a),§ 7 9yR — {Mﬁ a ?R]% >a, a#3

No propagation rules!



PROPAGATION RULES

Right :
(XN exp — prop) © PAXRTQB7) —  y(PAXRQ) B~
(X imp — propy) : Pa X X(QB [y] ZR) —  (PaxxQ)B[y]ZR, x € fin(Q)
(*imp — propy) © Pa X %(QB [yl zR) - QBL]Z(Pa X %R), xE€fiu(R)
(XNcut(caps) — prop) : Pa X ?((xﬁ),@ t yR) — Pa t yR
(X cut — propy) © P@aXRQB t yR) —  (PAaXXQ)B t YR, x€fi(Q), Q# (x.0)
(X cut — propy) . PaxxQB t yR) — QB 1 (P& X\ XR), xE€ fn(R), Q# (x.B8)
(X L-eras — prop) : PAXX(y©®Q) —  y O (Pa X xQ), x#y
(X R-eras — prop) : PAXX(QOB) — (PAaXXQ) 6B
(X L-dupl — prop) o Pa X ?(y<%{0]) — }/<§:§[Pa X QQ}Y x#y
(\R-dupl — prop)  : P&\ X( {o]% ~8) ~ [pax ;Q}g\i -8

No propagation rules!



*Xp-calculus
Reduction rules
STRUCTURAL RULES
Left :

(/ erasure)

(7 duplication) ( [P} % >8)8 * yQ
Right :

(XN erasure) Pa X x(x© Q)

(X duplication) PG X R(x< [e])

(PO BB * 30

%0 P 0 o°
Q oQ
I _ _ o
1% = [(PBL # 71@1)B: # 2@2) — > 00
I ©O;
Where :

79 = 7,(Q) \y, 02 = fon(Q) and
Q; = ind(Q, fr(Q), i)fori=1,2

"0 Q v o”

p_If o~ % (D~ X O of P
T <—5 [PQOQ X x(Pray \le)] /TD>O
7 O3

Where :
7P = fy(P), OF = fan(P) \a  and

P; = ind(P, fo(P), i) fori=1,2

We are left with 14 reduction rules, instead 34 of *X



Congruence relation for *Xp-terms

1. exp-exp

EP

5(RPG-a)7-6 = R(FPF-6)F o with o # 5, 8 # 8
2. exp-imp

el

\/
X(PY[217Q)B-a = XPF-a)7 [7Q with x, 5 € P, x # z
%(PIA7Q)B-a = PT[7(QF-a) with x, 5 € Q, x # 2



Congruence relation for *Xp-terms

3. exp-cut
. P 5 ®— P @
el Enskl
Y.
X(P717Q)F-a = (xPF-a)7 t 7Q with x, 3 € P
X(PY1YQ)B-a = PY1y(xQ0-a) with x, 8 € Q
4. imp-imp
L~ F
Syt
(Pa[]?o)é[l?Rz (PRl TR)G [ 7Q with o, B € P
(Pa[]yQ)F TR = Pa [x]7(Q5 2] TR) with y, 8 € Q
Pa[x]y(QB[]TR) = QB[ t(Pax]yR) with y, t € R



Congruence relation for *Xp-terms

5. cut-cut
(P& t%Q)B tyR = (PB t yR)a t XQ with o, 3 € P
(Pa £ XQ)B t YR = Pa t X(QF 1 yR) with x, 8 € Q
P&t X(QB tJR) = QB+ y(Pa[x] R) with x,y € R

» ...untill now we have collected 11...

» Take a look at weakening and contraction



Congruence relation for *Xp-terms
6a. imp-cut
o i ] e (]
Ty ket

(Poz[x]yQﬂTzR
(PaxX]7Q)5 1 2R

Pﬁ tZR)a [x] ¥y Q with o, B € P
P& [x] 7 (QB t 2R) with y, 8 € Q

6b. cut-imp

P& t X(Q0 Y] 2R)
P&t X(QF Y] 2R)

(Pa 1t XQ)B [y] 2R with x, 8 € Q
Q73 [yl 2(Pa t XR) with x,z € R



Congruence relation for *Xp-terms

7. exp-cont

(xPB-a)i 17Q
P71 y(XQB-a)

%(PY15Q)5-a
%(PY17Q)B-a

with x,3 € P
with x, 8 € Q



Congruence relation for *Xp-terms

8. imp-contL
“{pl o rl, =0

x<2[PBldvQ| = (x<A[PAIATQ
| = PRIV (x<2[Q))

with x1,x € P

with x1, % € Q, y # x



Congruence relation for *Xp-terms

8. imp-contR
[PBIATQ|Z >0 = ([P|2>)B 7@  withar,a2e P, a5
[PB[Z]?Q]%>Q = Pﬁ[z]y([ }a§>a) with a1, 02 € Q



Congruence relation for *Xp-terms

0O cont-cont

E P D , g
y<§:§[X<f[PH = x<§:§[Y<§:§[PH with x1,% £ ¥, yi,y2 £ X

HP}%>&]%>5 = a<%[ﬂ<%[l’” with a1, a0 # B3, B1,0 #



Congruence relation for *Xp-terms

XX weak-weak

ol P e P b
yo(xoP) = xo(yoP)
xO(Poa) = (xOP)Oa
(Poa)os = (PP Oa
XX. cont-simplest
.| P = . P

x<;%[P] = X<’%[P]

... there are others ...
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Other aspects :
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Conclusion

Other aspects :

» Link with X.
» Advanced constructs.

» Strong normalization.
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